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Abstract—This letter describes an accurate two-dimensional
(2-D) hard-source model for finite-difference time-domain
(FDTD). The proposed model allows accurate control over the
effective radius of a 2-D hard source. In addition, the TM version
of the source model is directly applicable as a very accurate 2-D
thin-wire model. The proposed model is verified in 2-D for both
TM and TE case using a recently introduced method for finding
the effective radius of a filamentary 2-D hard source [1].
Index Terms—FDTD, hard source, thin wire.
I. INTRODUCTION
T wo-dimensional (2-D) finite-difference time-domain(FDTD) solvers are used for problems where translational
invariance is a reasonable approximation. In 2-D, a single axial
field component is typically used to excite a radially outgoing
wave. A hard source is realized by forcing the field component
to assume the value of the excitation function at each time step.
Recently, a method to find the effective radius of a 2-D
filamentary hard source was presented [1]. By comparison to
an analytical frequency-domain Green’s function, it was shown
that where is the cell size. Size of the source
thus depends on the cell size. However, the size of the source
affects the simulation results. It is therefore important to have
control over the size of the source.
A filamentary perfectly conducting wire can be understood
as a hard source with the excitation function identically set to
zero. It is obvious that in a 2-D TM case, the procedure of [1]
can also be applied to find the effective radius of a perfectly
conducting filamentary thin wire or a special thin-wire model.
In other words, [1] is a useful 2-D test also for thin-wire models.
This letter describes a sub-cell FDTD model based on con-
tour-path integration that accurately describes the radius of a
2-D hard source or a 2-D thin wire over a wide range of values
for nominal radius.
II. CONTOUR-PATH INTEGRAL FORMULATION OF FDTD
The contour-path integral equation formulation is a crucial
part of the proposed model and is therefore briefly reviewed.
In the Yee algorithm [2], the electric field components form the
primary grid while the magnetic field components form the dual
grid. The two grids are organized such that each edge of the
primary grid is normal to a facet of the dual grid and vice versa.
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The respective location of primary and dual grids allows us to
enforce Faraday’s law and Ampere’s law in integral form over
each facet of primary and dual grid, respectively. The Ampere’s
law in free space is given by
(1)
where surface is a dual grid facet bounded by contour
formed by dual grid edges. Similarly, the Faraday’s law in free
space is given by
(2)
where surface is a primary grid facet bounded by contour
formed by primary grid edges.
The contour-path integral formulation in Cartesian grid and
the original Yee algorithm are equivalent in free space, provided
the following assumptions are met [3]:
1) the field value at a midpoint of an edge along contour
enclosing surface equals the average value of that field
component along that edge;
2) the field value normal to surfaceis located at the center
of the surface and equals the average value of that field
component over .
III. A CCURATE 2-D HARD-SOURCEMODEL
The assumptions on field variation near the wire are similar to
those in [3]: both the electric field in TE mode and the magnetic
field in TM mode adjacent to source are assumed depen-
dent, where is distance from the wire axis. The field compo-
nents are loacted at their usual locations in a 2-D Yee cell.
A. Derivation for TM Mode
Let us consider computation of one of the four magnetic field
components adjacent to an axial electric source at (
). The update equation for the magnetic field at (
) can be found using equation (2) in 2-D. Assuming
dependence, we have in free space
(3)
where is the nominal radius of the electric source.
Due to the assumption the computed magnetic field com-
ponents represent tangential magnetic field along a circular path
around the source as shown in Fig. 1(a). They are point values
at distance from the source and do not represent the av-
erage value of the field component along a Cartesian dual grid
edge as required in Assumption 1 in Section II. Therefore, the
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field component should not be directly used in standard FDTD
update equations. Therefore, we need to project the tangential
field components to their respective Cartesian grid edges.
Let us assume we have computed any of the in Fig. 1(a)
using (3). In order to project into on a Cartesian
grid edge we take Ampere’s law as a starting point. Forming
two integration paths and around the source, we have
(4)
For a rotationally symmetric case, the magnetic field is constant
along . The scaling factor is determined by the relative
length of integration paths and
(5)
In a nonsymmetric case, the four looping magnetic field
values may differ from each other. Still, we may define a
scaling factor for each segment such that the line integral of
along each circular segment remains equal to the line integral
of along the respective Cartesian dual grid edge
(6)
Here, we assume and constant on each of the four
segments of and , respectively. Note that the shape of the
cells affects the value of . If , e.g., the scaling
factor for the magnetic field component on the right
takes the form .
Instead of scaling the themselves, we may use the scaled
value in standard FDTD update equations to compute
the adjacent axial electric field components.
B. Derivation for TE Mode
The TE case is treated similarly to the TM case. Let us con-
sider computation of one of the four electric field components
adjacent to a magnetic source at (). Assuming the electric
field dependent, the update equation for the electric field at
( ) can be found using (1) in 2-D. The FDTD update
equation in free space takes the form
(7)
where is the nominal radius of the magnetic source.
As before, we project the point values computed using (7)
to the Cartesian primary grid edges. Faraday’s law integration
path is formed around the magnetic source and the circulation
of electric field around the source is kept constant. This leads to
the scaling factor for TE mode
(8)
As in TM mode, we do not scale the values themselves, but use
the scaled values to compute the adjacent axial magnetic field
components.
(a) (b)
Fig. 1. Ampere’s law integration paths. (a) Circular path. (b) Cartesian cell
edges.
TABLE I
EFFECTIVE RADIUS OF THE PROPOSEDMODEL AND THE THIN-WIRE
MODEL [3]. COMPUTED USING A UNIFORM GRID WITH = = 40
RESOLUTION. TM MODE
IV. NUMERICAL RESULTS AND DISCUSSION
The source models were tested following the procedure de-
scribed in [1] using the maximum absolute value for amplitude
recorded at each point. The test reveals properties of the source
when observed from a distance. It is likely that the accuracy of
the test method is dependent on the grid resolution providing
more accurate results with a dense grid due to smaller disper-
sion error.
The proposed model was also tested using two independent
tests. The current through a hard source was computed for sev-
eral grid resolutions such that neither the physical dimensions
of the source nor the spectrum of the excitation waveform were
changed. In addition, current induced into a passive thin wire
was computed for several grid resolutions.
A. The 2-D Green’s Function Test
The proposed model was tested using [1] for both TM mode
and TE mode. A time-harmonic hard source with unity ampli-
tude was used for excitation. After reaching steady state, the
envelope of the response was recorded at each grid point along
a coordinate axis providing amplitude as function of distance
from the source. The collected data was then multiplied by a
constant such that the best fit to the absolute value of analyt-
ical frequency-domain Green’s function solution (in this case,
Hankel function of the second kind) was achieved in the
norm sense. The Hankel function at distancefrom the source
was set equal to and appearing in the argument was
solved. The effective radius describes a finite distance from
the source to the location where the wave is actually radiating.
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Fig. 2. Current through a TM hard source implemented using the proposed
model for a number of cell sizes, compared to a reference result.
The results computed using 40 cells perresolution are
shown in Table I. The error in source radius with the proposed
model is less than 30% for radii from up to the stability
limit of . For radii larger than , the error is less than
2.5%. The same test was repeated using the standard thin-wire
model [2]. The results in Table I indicate that the error in wire
radius is over ten times larger than with the proposed model.
A source model should reduce to a filamentary source when
the nominal radius is set to the effective radius of a filamen-
tary source. With , the proposed model re-
duces to a filamentary hard source when the nominal radius
is set to . This is in agreement with [1],
where the effective radius of a filamentary source was found
to be approximately . In contrast, the three–dimensional
thin-wire model of [3] reduces to a filamentary PEC wire when
the nominal wire radius is set to [4]. This is
also the case in 2-D TM mode. This is due to the fact that the
magnetic field components adjacent to wire receiving special
treatment in [3] are also present in 2-D TM mode. It is therefore
likely that a similar error as shown in Table I is also present in
the 3-D model of [3].
The results in TE mode (not shown) are identical to those
presented for TM mode in Table I verifying the TE source
model. Furthermore, the proposed model reduces to a filamen-
tary source also in TE mode when the nominal radius is set to
, i.e., the effective radius of a filamentary
source.
B. Current Through a TM Hard Source
The proposed model was tested in TM mode by computing
the current through a hard source. Uniform grids with 3.33 mm,
5 mm, 10 mm, and 20 mm cells were considered with source ra-
dius fixed at 1 mm. The current computed using the smallest cell
size 3.33 mm was chosen as a reference. The results are shown
in Fig. 2. The currents computed using different cell sizes con-
verge to the same value as we move toward dc, i.e., the reso-
lution is improved. This indicates that the accuracy of the pro-
posed model is improved as the mesh density is increased.
Fig. 3. Relative difference of normalized induced currents on a passive thin
wire for a number of cell sizes, compared to a reference result.
C. Proposed Model as a Passive Structure
As a complementary test, the properties of the proposed
model as a passive scattering structure in TM mode were
investigated. A point source was excited at a fixed distance
from the thin wire, whose radius was fixed at 1 mm. Cell
sizes 5 mm, 10 mm and 20 mm were considered. The induced
current was measured and normalized by the square root of
the radiated power of the source. The induced current with
the 5 mm cells was used as a reference. For comparison, the
same test was repeated using the traditional thin-wire model
[2]. The results are shown in Fig. 3. Obviously, the proposed
model gives consistent results independent of the cell size for
adequate grid resolution, while the traditional model does not.
V. CONCLUSION
An accurate 2-D hard-source model was proposed. The model
was validated for both TM mode and TE mode using the proce-
dure described in [1]. The proposed model was shown to provide
accurate results over a wide range of values for the nominal wire
radius.
Additional tests investigating current through the source in
TM mode and the current induced in a passive thin wire were
provided for further verification. The proposed model was
shown to provide consistent results independent of the cell size
both as a hard source and as a passive 2-D thin-wire model.
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